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Latent Semantic Indexing (LSI) 
Given n

 

documents with words from a vocabulary of size m, discover 
hidden topics and represent documents semantically.

Process
– form a term-document matrix

– top k

 

left singular vectors represent topics
– transform input query in the k-dim semantic space
– match against the semantically transformed database items
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Latent Semantic Indexing (LSI) 
Given n

 

documents with words from a vocabulary of size m, discover 
hidden topics and represent documents semantically.

Document representation and retrieval
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Latent Semantic Indexing (LSI) 
Given n

 

documents with words from a vocabulary of size m, discover 
hidden topics and represent documents semantically.

Document representation and retrieval
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T
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Am terms

documentsn

jkkj dUd ˆΣ≈ j
T
kkj dUd 1ˆ −Σ≈

jd̂jth columnjd

Given a query q qUq T
kk

1ˆ −Σ≈

Find the nearest neighbors from database using )ˆ,ˆ( jdqsim



Principal Component Analysis (PCA) 
Given n

 

vectors, find the linear reconstruction with minimum mean 
squared error.

Process
– form the centered data matrix (i.e. subtract mean from each vector)

– get the top k

 

left singular vectors (equivalent to eigenvectors of 
covariance matrix)

– project the input data on the singular vectors 

Sanjiv

 

Kumar            9/24/2010 EECS6898 – Large Scale Machine Learning 5

Ad dims
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Kernel Methods 
Commonly used for nonlinear extensions in classification, regression, 

dimensionality reduction etc.

Kernel Matrix
– Most kernel methods boil down to manipulation of kernel matrix

– Symmetric Positive Semi-Definite (SPSD) matrix of size 
– Get top/bottom eigenvectors (eg., kernel PCA) or low-rank 

approximation (SVM) 
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Graph-based clustering method
• Less assumptions on data distribution than parametric model e.g.,GMM

Spectral Clustering
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Luxburg [2]



Graph-based clustering method
• Less assumptions on data distribution than parametric model e.g.,GMM

Spectral Clustering
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2,

minˆ ji
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ij
Y

yyWArgY −= ∑
Key Idea: Find a (low) k-dim embedding such that neighbors remain close

Solution: Find bottom k eigenvectors of L (ignoring last) 

LYYArg T
Y

min=
WD −

assuming graph is connected



Graph-based clustering method
• Less assumptions on data distribution than parametric model e.g.,GMM

Procedure:

• Compute weight matrix W:

• Compute normalized Laplacian

• Do a k-means clustering in optimal k

 

reduced dims of A: D1/2Uk or Uk

Spectral Clustering

⎪⎩

⎪
⎨
⎧ −−=

otherwise0

~ if)/exp( 22
jiσxxW ji

ij

2/12/1 −−−= WDDIA
∑= j ijii WD

Bottom eigenvectors of A, ignoring last
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)/exp( 22
σxxW jiij −−= or

Dense Sparse

WDIA 1−−=or

Large dense or sparse matrix )100(~),(~ KOdBOn

Symmetric Asymmetric



Two scenarios 

Dense Matrices
1. Number of elements 
2. Matrix-vector products 
3. Spectrum usually falls exponentially for most real-world data

– Most energy contained in top few eigenvalues
– Low-rank approximation gives reasonable results

4. Commonly arise in kernel methods, regression, manifold learning, 
second order optimization (hessian)

Sparse Matrices
1. Number of elements
2. Very fast matrix-vector products
3. Spectrum is usually flatter (energy falls more slowly)
4. Commonly arise in spectral clustering, manifold learning, semi- 

supervised learning
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Low-rank Approximation
Given a matrix     of rank 
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A ),min( nmk <

CBA =
km× nk ×nm×



Low-rank Approximation
Given a matrix     of rank 

Advantages

– Commonly used to discover structure in data i.e., Latent Semantic 
Indexing (LSI) e.g., discovering topics in documents or 
Recommendation system  e.g., predicting user preferences

– Storage reduces to only                     instead of  

– Matrix-vector product requires only                      instead of  
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A ),min( nmk <

CBA =
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)(mnO))(( knmO +



Singular Value Decomposition (SVD)

T
AAA VUA ∑=

][ nm× ][ nm× ][ nn× ][ nn×
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Singular Value Decomposition (SVD)

Left singular vectors

IUU A
T
A =

Eigenvectors of 

T
AAA VUA ∑=

][ nm× ][ nm× ][ nn× ][ nn×

TAA

nm >wlog suppose
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Singular Value Decomposition (SVD)

Eigenvectors of 

Right singular vectors

IVV A
T
A =

Left singular vectors

IUU A
T
A =

Eigenvectors of 

T
AAA VUA ∑=

][ nm× ][ nm× ][ nn× ][ nn×

AATTAA

nm >wlog suppose
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Singular Value Decomposition (SVD)

),...,(diag 1 nσσ
0...1 ≥≥≥ nσσ

2
iσ are eigenvalues of or

Eigenvectors of 

Right singular vectors

IVV A
T
A =

AAT

Left singular vectors

IUU A
T
A =

TAA

T
AAA VUA ∑=

][ nm× ][ nm× ][ nn× ][ nn×

Eigenvectors of 

TAAAAT

nm >wlog suppose
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Low-rank Approximation
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Low-rank Approximation
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Low-rank Approximation

Removing small entries in    has noise-removal interpretation e.g., PCA
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SVD )(mnkO

Computational Complexity
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Matrix Projection
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Matrix Projection
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T
kk

T
kk

T
kkkk VAVAUUVUA ==∑=

Matrix Projection

T
kk

T
kk

T
kkkk VVAAUUVUA ~~~~~~~~ ≠≠∑=

For approximate decomposition, low-rank approximation 
using SVD and matrix projection give different results ! 

Projection of A on 
space spanned by 

columns of Uk
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Power Method
To compute the largest eigenvalue/eigenvector of a matrix

Assume A
 

is a symmetric matrix, i.e. it is diagonalizable with,

),...,,( 21
1

nλλλdiagAUU =−

nλλλ ≥≥≥ ...21
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Power Method
To compute the largest eigenvalue/eigenvector of a matrix

Assume A
 

is a symmetric matrix, i.e. it is diagonalizable with,

Power iteration

1. Start with random vector

2. for k = 1, 2, …, K

3. Normalize and compute eigenvalue

),...,,( 21
1

nλλλdiagAUU =−

nλλλ ≥≥≥ ...21

nq ℜ∈0

1−= kk Aqq

2KKK qqz =

K
T
KK Azzλ =

repeated matrix-vector product
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Convergence properties
Suppose, nnuauauaq +++= ...22110 Since columns of U

 

make a basis in Rn

n
k
nn

kkk uλauλauλaqA +++= ...2221110

i
k

i
k

ii uλuAuλAu =⇒=Since 
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Convergence properties
Suppose, nnuauauaq +++= ...22110

)(),( 121
k

k λλOuqdist =

Since columns of U

 

make a basis in Rn

n
k
nn

kkk uλauλauλaqA +++= ...2221110

⎟
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+= ∑

=
j

k
jn

j

jkk u
λ
λ

a
a

uλaqA
12 1

1110

i
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i
k
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0if 1 ≠a
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Convergence properties
Suppose, nnuauauaq +++= ...22110

)(),( 121
k

k λλOuqdist =

Since columns of U

 

make a basis in Rn

n
k
nn

kkk uλauλauλaqA +++= ...2221110

i
k

i
k

ii uλuAuλAu =⇒=Since 

0if 1 ≠a

bigger gap leads to faster 
convergence

easy to satisfy by random 
initialization

Can be generalized to multiple eigenvectors simultaneously by Orthogonal 
Iteration via QR-decomposition !
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Page Rank
Which document or link is more “popular” independent of the query?

[wikipedia]

Random walk over pages
If one randomly clicks the links then what is the probability that 
one will be at page B?
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Page Rank
Stationary probability distribution over pages

Transition matrix is stochastic, i.e., rows sum to 1

⎩
⎨
⎧ →

=
therwise0

if1
o

ji
Aij

[ ] nnA ×Adjacency matrix

⎩
⎨
⎧ →

=
otherwise0
if)|( jiijp

Tij

[ ] nnT ×Transition matrix
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Page Rank
Stationary probability distribution over pages

Stationary Probability distribution given by the eigenvector corresponding 
to largest eigenvalue (i.e. 1) of T

⎩
⎨
⎧ →

=
therwise0

if1
o

ji
Aij

[ ] nnA ×Adjacency matrix

⎩
⎨
⎧ →

=
otherwise0
if)|( jiijp

Tij

[ ] nnT ×Transition matrix
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Transition matrix is stochastic, i.e., rows sum to 1

uTu T=



Page Rank
Stationary probability distribution over pages

Stationary Probability distribution given by the eigenvector corresponding 
to largest eigenvalue (i.e. 1) of T

⎩
⎨
⎧ →

=
therwise0

if1
o

ji
Aij

[ ] nnA ×Adjacency matrix

⎩
⎨
⎧ →

=
otherwise0
if)|( jiijp

Tij

[ ] nnT ×Transition matrix
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( ) 0uTu
kT

k =
Damping is used to make sure graph connected

1)/1)(1(1 nαuTαu k
T

k −+=+ n-vector of 1’s

uTu T=

Power Iteration

Transition matrix is stochastic, i.e., rows sum to 1



Lanczos
 

Method
A technique to solve large sparse symmetric eigenproblems

– Useful when only top or bottom few eigenvalues/vectors are needed
– Generates a sequence of tridiagonal matrices whose extremal 

eigenvalues progressively better estimates of desired values
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Lanczos
 

Method
A technique to solve large sparse symmetric eigenproblems

– Useful when only top or bottom few eigenvalues/vectors are needed
– Generates a sequence of tridiagonal matrices whose extremal 

eigenvalues progressively better estimates of desired values

Krylov Subspaces

},...,,{),,( 1
1

111 qAAqqspankqA k−=Κ

Sanjiv

 

Kumar            9/24/2010 EECS6898 – Large Scale Machine Learning 33



Lanczos
 

Method
A technique to solve large sparse symmetric eigenproblems

– Useful when only top or bottom few eigenvalues/vectors are needed
– Generates a sequence of tridiagonal matrices whose extremal 

eigenvalues progressively better estimates of desired values

Krylov Subspaces

Key Idea
– Successively generate a new orthonormal vector such that

},...,,{),,( 1
1

111 qAAqqspankqA k−=Κ
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},...,,{},...,,{ 111121 qAAqqspanqqqspan k
k =+

},...,,{ 121 +kqqqHow to find



Why Tridiagonalization

Lanczos
 

Method
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TAQQT =For any symmetric matrix A:
Where Q

 

is n x n

 

orthogonal matrix and T

 

is a tridiagonal matrix
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Why Tridiagonalization

Lanczos
 

Method
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Why Tridiagonalization

Lanczos
 

Method
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TAQQT =For any symmetric matrix A:
Where Q

 

is n x n

 

orthogonal matrix and T

 

is a tridiagonal matrix
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Columns of Q

 

form orthogonal bases for Krylov Matrix ! 

R
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Krylov Matrix



Construct partial Q and partial T

 

iteratively

Lanczos
 

Method
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Construct partial Q and partial T

 

iteratively

Lanczos
 

Method
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QTAQ =
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T
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When to stop?
– Ideally until k

 

= rank of Krylov matrix
– Usually too long, so a threshold is used on residual

– Decompose Tk

Lanczos
 

Method
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kkkkk erTQAQ +=



When to stop?
– Ideally until k

 

= rank of Krylov matrix
– Usually too long, so a threshold is used on residual

– Decompose Tk

Lanczos
 

Method
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estimated eigenvalues of Aestimated eigenvectors of A:  kk SQ
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When to stop?
– Ideally until k

 

= rank of Krylov matrix
– Usually too long, so a threshold is used on residual

– Decompose Tk

Lanczos
 

Method
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Convergence 2
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111)cos( uqφ T= Chebyshev polynomialKaniel-Page Theory
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When to stop?
– Ideally until k

 

= rank of Krylov matrix
– Usually too long, so a threshold is used on residual

– Decompose Tk

Lanczos
 

Method
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Lanczos iterations converge faster than power iteration!

),...,( 1 kkk
T
k θθdiagSTS =

kiki
Aλμ

sβμθ ≤−
∈ )(
min

T
kkkkk erTQAQ +=

estimated eigenvalues of Aestimated eigenvectors of A:  kk SQ

Accuracy

Convergence 2
11

2
11111 ))21(/()tan()( ρcφλλλθλ kn +−−≥≥ −

Chebyshev polynomialKaniel-Page Theory

Practical 
Implementation: 
Avoid rounding 
errors

111)cos( uqφ T=

top eigenvector of A



Arnoldi’s
 

Method
A technique to solve large sparse asymmetric eigenproblems

– Generates a sequence of Hessenberg matrices with extremal 
eigenvalues progressively better estimates
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Arnoldi’s
 

Method
A technique to solve large sparse asymmetric eigenproblems

– Generates a sequence of Hessenberg matrices with extremal 
eigenvalues progressively better estimates

kkkk hrq ,11 / ++ =

After k

 

steps
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Randomized SVD and low-rank approx
Basic Problem

Given an           matrix    , and an integer               ,  find an         
orthonormal matrix     such that  

The columns of Q

 

form orthonormal basis for the range of A
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nm×

AQQA T≈
lm×nm×

A pkl += lm×
Q

oversampling
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Randomized SVD and low-rank approx
Basic Problem

Given an           matrix    , and an integer               ,  find an         
orthonormal matrix     such that  

The columns of Q

 

form orthonormal basis for the range of A

How to do SVD?
1. Form a small (l ×

 

n) matrix:

2. Compute SVD of B:

3. Set  
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nm×

AQQA T≈
lm×nm×

A pkl += lm×
Q

AQB T=
TVUB Σ= ˆ

UQU ˆ=

)(mnlO

)( 2nlO

)( 2mlO

Of course, the best Q

 

is: 

How to build approximate Q ?
lUQ = Expensive!

oversampling

nml ,<<



Randomized method 
Basic Problem

Given an           matrix    , and an integer  , find an        orthonormal matrix  
such that  

Procedure

1. Draw random vectors from P(w)

2. Form projected sample vectors

3. Form orthonormal vectors 
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nm×
AQQA T≈
A l lm×

Q

n
lwww ℜ∈,...,, 21

m
ll AwyAwy ℜ∈== ,...,11

m
lqqq ℜ∈,..., 21

),...,,(Span),...,,(Span 2121 ll yyyqqq = Gram-Schmidt or QR



Randomized method 
Basic Problem

Given an           matrix    , and an integer  , find an        orthonormal matrix  
such that  

Matrix-version

1. Construct a random matrix Ωl

 

of size

2. Form         sample matrix

3. Form an         orthonormal matrix such that  
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nm×
AQQA T≈
A l lm×

Q

ll AY Ω=

lQ

ln×

lm×

lm× l
T
lll YQQY =

)(nlO

)(mnlO

)( 2mlO

Use randomized 
FFT for O(mnlog(l))

most expensive!



Randomized method 
Basic Problem

Given an           matrix    , and an integer  , find an        orthonormal matrix  
such that  

Matrix-version

1. Construct a random matrix Ωl

 

of size

2. Form         sample matrix

3. Form an         orthonormal matrix such that  
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nm×
AQQA T≈
A l lm×

Q

ll AY Ω=

lQ

ln×

lm×

lm× l
T
lll YQQY =

)(nlO

)(mnlO

)( 2mlO

Use randomized 
FFT for O(mnlog(l))

most expensive!

Error in Approximation 12 +≥− l
T σAQQA

12
]),min(.111[ +++≤− k

T
ll σnmpkAQQA with probability pp−− 61



Matrices with slowly decaying spectrum 
Basic Idea

– Incorporate Krylov-space type power iteration
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AAAB qT )(= same singular vectors as of A

 

but fast 
decaying singular values



Matrices with slowly decaying spectrum 
Basic Idea

– Incorporate Krylov-space type power iteration

Algorithm
1. Construct a random matrix Ωl

 

of size

2. Form           sample matrix

3. Form an          orthonormal matrix from Z

 

using partial QR
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Matrices with slowly decaying spectrum 
Basic Idea

– Incorporate Krylov-space type power iteration

Algorithm
1. Construct a random matrix Ωl

 

of size

2. Form           sample matrix

3. Form an          orthonormal matrix from Z

 

using partial QR
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l
qT AAAZ Ω= )(

lQ

ln×

lm×

lm×

AAAB qT )(= same singular vectors as of A

 

but fast 
decaying singular values

Error in Approximation

1
)12/(1

2
]),min(.111[ +

+++≤− k
qT

ll σnmpkAQQA with probability pp−− 61



Randomized method: Example 
Eigenfaces
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facesm 7254= pixelsn 256384×=



Randomized method 

Advantages
1. Much faster than standard methods:

2. Need to look at data only very few times (sometimes single pass!)

3. Easy parallel implementation

4. The error in approximation can be made arbitrarily small with very high 
probability (even 10-10) inexpensively

5. Simple to code
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)log( kmnO )(mnkOinstead of



Randomized Vs Sparse Methods 
Randomized methods

Build the approximate range of A

 

by multiplying A

 

with a new random 
vector progressively

Sparse Methods
Build the approximate range of A by multiplying A recursively with the 

outcome of the previous stage starting with a random vector 

Advantages of randomized method
1. Similar computational complexity
2. Can be parallelized
3. Provide better approximations even for small spectrum gaps
4. Can learn from very few (sometimes just one) passes over the data
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ll AwyAwy == ,...,11

111 ,..., −== ll AyyAwy if A

 

is square
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